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1. (Step 1) :
( )
lThis paper is an abbreviated version of Ano [1].
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2. (Step 2) : (




3. (Step 3) Smooth fit &Continuous fit : $arrow$
?( smooth fit
)









$S$ $r>0$ $dS_{t}/S_{t}=rdt$ . $X_{t}$
$(\Omega, \mathcal{F}, \{\mathcal{F}_{t}\}, P)$ :




$\mathcal{E}(\cdot)$ stochastic exponential seimartingale. $\{X_{s}^{t}(x)\}_{s\geq t}$ (1)
RCLL version $\tilde{P}$
$X_{s}^{t}(x)$ $=$ $x \exp\{\sigma(\tilde{W}_{s}-\tilde{W}_{t})+(r-\frac{1}{2}\sigma^{2})(s-t)\}$ . (3)
$X_{s}(x)=X_{s}^{0}(x)$ $g(x)$ $x$
$\tilde{P}$ $V^{[l]}(t, x)=\tilde{V}^{\ell}(T-t, x)$ :
$V^{[\ell]}(t, x):= \sup_{0\leq\tau p<\tau_{\ell-1}<<\tau_{1}\leq t}\ldots\tilde{E}[k,$ (4)
$\tilde{E}$
$\tau_{k},$ $k\in\{1,2, \cdots, \ell\}$ $[0, T]$ $\tau_{1}\leq t$





$(t, x, k)$ # $(t, x, k)$
$U^{[k|}(t,x)$ $;=$ $g(x)+e^{-r\delta}\tilde{E}[V^{[k-1|}((t-\delta)^{+}, X_{\delta}(x))]$ . (5)
$k\in\{1,2, \cdots, \ell\}$ $\forall x\in \mathbb{R}^{+}$ $V^{[k]}((k-1)\delta, x)=U^{[k]}((k-1)\delta, x)$ .
1 $g(x)=(K-x)^{+}$
$V^{[1]}(0, x)=(K-x)^{+}$ . (5) $(t-\delta)^{+}$ $t$ $\delta$
(Shiryaev[16] )
$\tau^{*}(t, x, k)=\inf\{0\leq s\leq t:V^{[k]}(t, x)=U^{[k]}(t, x)\}$ . (6)
$\{e^{-rs}V^{[k]}(t, X_{s}(x))\}_{\{0\leq s\leq\tau^{*}(t,x,k)\}}$ $\tilde{P}-$
(6)
$V^{[k]}(t, x)$ $U^{[k]}(t, x)$
1 $k\in\{1, \cdots, l\},$ $P\in N$ $\forall t_{1},$ $t_{2}\in[0, T],$ $x_{1},$ $x_{2}\in \mathbb{R}^{+}$ $M>0$
$|V^{[k]}(t_{1}, x_{1})-V^{[k]}(t_{2},x_{2})|\leq M[|t_{1}-t_{2}|^{1/2}+|x_{1}-x_{2}|]$ . (7)
(3) $X_{s}^{t}(x)$ pathwise continuity
1 smooth fit
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2 $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$
(i) $\forall t\in[0, T]$ $x\mapsto V^{[k]}(t, x)$ convex.
(ii) $\forall x\in \mathbb{R}^{+}$ $t\mapsto V^{[k]}(t, x)$
(iii) $\forall(t, x)\in(0, T]\cross \mathbb{R}^{+}$ $V^{[k]}(t, x)\geq V^{[k-1]}(t, x)$ .
(iv) $\forall(t, x)\in(0, T]\cross \mathbb{R}^{+}$ $V^{[k]}(t, x)>0$ .
$g(x)=(K-x)^{+}$
$V^{[l]}(t, x)= \sup_{0\leq\tau\ell<\tau_{\ell-1}<<\tau_{1}\leq t}\ldots\tilde{E}[k(x))^{+}]$ .
(i) $X_{s}^{t}(x)$ pathwise solution (3) $X\mapsto(K-x)^{+}$ convex (ii) $\mathcal{T}_{a,b}$
$[a, b]$ $\tau_{k}\in \mathcal{T}_{0,t}$ $\tau_{k}\in \mathcal{T}_{0,s},$ $s\geq t$
(iii) $(K-x)^{+}$ (iv)
3 $k\in\{1, \cdots, \ell\},$ $l\in \mathbb{N}$
(i) $\forall t\in[0, T]$ $x\mapsto U^{[k]}(t, x)$ convex.
(ii) $\forall(t, x)\in[0, T]\cross \mathbb{R}^{+}$ $U^{[k]}(t, x)\geq U^{[k-1]}(t, x)$ .
(i) $(K-x)^{+}$ convex 2(i) $X_{s}^{t}(x)$ pathwise solution (3) (ii)
2(iii) $U^{[k]}(t, x)=g(x)+e^{-r\delta}\tilde{E}[V^{[k-1]}((t-\delta)^{+}, X_{\delta}^{0}(x))]$
1( ) $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$ $V^{[k]}(t, x)=U^{[k]}(t, x),$ $\forall x\in$
$[0, b^{[k]}(t)]$ $V^{[k]}(t, x)>U^{[k]}(t, x),$ $\forall x>b^{[k]}(t)$ $b^{[k]}(t)$
2 3
1 $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$ $B^{[k]}$ $C^{[k]}$
$B^{[k]}$
$:=$ $\{(t, x)\in(O, T]\cross \mathbb{R}^{+}:V^{[k]}(t, x)=U^{[k]}(t, x)\}$
$=$ $\{(t, x)\in(O, T]\cross \mathbb{R}^{+}:x\leq b^{[k]}(t)\}$ . (8)
$C^{[k]}$
$:=$ $\{(t, x)\in(O, T]\cross \mathbb{R}^{+}:V^{[k]}(t, x)>U^{[k]}(t, x)\}$
$=$ $\{(t, x)\in(0, T]\cross \mathbb{R}^{+}:x>b^{[k]}(t)\}$ . (9)
$x\mapsto V^{[k]}$ $B^{[k]}$ $C^{[k]}$





$\mathcal{L}v^{[k]}=-\frac{\partial v^{[k]}}{\partial t}-rv^{[k]}+rx\frac{\partial v^{[k]}}{\partial x}+\frac{1}{2}\sigma^{2}x^{2}\frac{\partial^{2}v^{[k]}}{\partial x^{2}}$ (10)
3 $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$
$V^{[k]}(t, x)$
$($ i $)$ $V^{[k|}(t,$ $x)$ iS smooth in $C^{[k|}\delta$ ) $\mathcal{L}V^{[k]}(t,$ $x)=0$ in $C^{[k]}$
(ii) $\lim_{x\downarrow b(t)}[k]V^{[k]}(t, x)=U^{[k]}(t, b^{[k]}(t)),$ $\forall t\in(0, T]$ .
(iii) $V^{[k]}((k-1)\delta, x)=U^{[k]}((k-1)\delta, x),$ $\forall x\in \mathbb{R}^{+}$ .
(i) $\tau^{*}(t, x, k)=\inf\{s\in[0, t]:(t-s, X_{s}(x))\not\in C^{[k]}\}$ $\tau^{*}(t, x, k)$
$\{e^{-rs}V^{[k]}(t-s, X_{s}(x))\}_{\{s\in[0,\tau^{*}(t,x,k)]\}}$
$\mathcal{L}$ smoothness (ii) $V^{[k]}(t, x)$ $b^{[k]}(t)<K$ (iii)
Smooth fit
4 (Smooth fit) $k\in\{1, \cdots, \ell\},$ $P\in N$
$V^{[k]}(t, x)$ $x$ $b^{[k]}(t)$
$\lim_{(s,x)arrow(t,b[k|(t))}\frac{\partial V^{[k]}}{\partial x}(s, x)=(s,x)arrow(t,b(t))\lim_{[k|}\frac{\partial U^{[k]}}{\partial x}(t, x),$ $\forall t\in(0, T]$ . (11)
$k=1$




$rV^{[k]}+ \frac{\partial V^{[k|}}{\partial t}-rx\frac{\partial V^{[k|}}{\partial x}$ .
1 $V^{[k]}$ $x$ Lipschitz, $t$ uniformly continuous. $V_{x}^{[k]}$ $[0, T]\cross \mathbb{R}^{+}$
$,$
$V_{t}^{[k]}$ $(0, T]\cross \mathbb{R}^{+}$
$V_{xx}^{[k]}$
$(0, T]\cross \mathbb{R}^{+}$ $x\mapsto V^{[k]}(t, x)$
convex $V_{x}^{[k]}(t, x)$ $(0, T]\cross \mathbb{R}^{+}$
1, 3 4 $V^{[k]}(t, x)$
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5( ) $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$
$(v^{[k]}, b^{[k]})$
:
. $\mathcal{L}v^{[k]}=0,$ $x>b^{[k]}(t)$ , (13). $\lim$ $v^{[k]}(t, x)=U^{[k]}(t, b^{[k|}(t))$ , $t\in(0, T]$ (14)
$x\downarrow b[k](t)$
. $(s,x) arrow(t,b(t))\lim_{[k]}\frac{\partial v^{[k]}}{\partial x}(s, x)=\lim_{(s,x)arrow(t,b|kl(t))}\frac{\partial U^{[k]}}{\partial x}(t, x),$ $t\in(0, T]$ . (15)
. $v^{[k]}((k-1)\delta, x)=U^{[k]}((k-1)\delta, x)$ , $x\in \mathbb{R}+$ (16). $v^{[k]}(t, x)>U^{[k]}(t, x)$ , $x>b^{[k]}(t)$ , (17). $v^{[k]}(t, x)=U^{[k]}(t, x)$ , $x\leq b^{[k]}(t)$ . (18)
$x\mapsto v(t, x)$ convex $0\leq b^{[k]}(t)<K$ .
(14) continuou fit, (15) smooth fit
$(V^{[k]}, b^{[k|})$ $(v^{[k]}, b^{[k]})$
$v\in C^{1}$ in $x$ , piecewise $C^{1}$ in $t$ .
$e^{-rt}v^{[k|}(t-s, X_{s}(x))$
$=$ $v^{[k]}(t, x)+ \int_{0}^{s}\mathcal{L}v^{[k]}(t-u, X_{u}(x))du+\int_{0}^{s}e^{-rs}v_{x}^{[k|}(t-u, X_{u}(x))\sigma X_{u}(x)d\tilde{W}_{u}$ . (19)
$x\mapsto v^{[k]}(t, x)$ convex $v^{[k]}\geq(K-x)^{+}$ $v_{x}^{[k]}$ $\mathbb{R}^{+}$
$\tilde{P}-$ $\mathcal{L}v^{[k]}(t, x)\leq 0$
$\{e^{-rs}v^{[k]}(t-s, X_{s}(x))\}_{\{0\leq s\leq t\}}$ $\tilde{P}$- $v^{[k|}\geq U^{[k]}$ $\forall\tau\in \mathcal{T}_{0,t}$
$v^{[k]}(t, x)\geq\tilde{E}[e^{-r\tau}v^{[k]}(t-\tau, X_{\tau}(x))]\geq\tilde{E}[U^{[k]}(X_{\tau}(x))]$ .
$v^{[k]}\geq V^{[k]}$ . ( ), $V^{[k]}\leq v^{[k]}\leq V^{[k]}$
1 $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$ $b^{[k]}(t)\geq b^{[k-1]}(t),\forall t\in(0, T]$ .
$b^{[k]}(t)$
$V^{[k]}(t, b^{[k]}(t))=(K-b^{[k]}(t))^{+}+e^{-r\delta}\tilde{E}[V^{[k-1]}(t-\delta, X_{\delta}^{0}(b^{[k]}(t)))]$ , $\forall t\in(0, T]$
2(iii) $V^{[k]}(t, b^{[k]}(t))\geq V^{[k-1]}(t, b^{[k-1|}(t))$
2 $k\in\{1, \cdots, \ell\},$ $\ell\in \mathbb{N}$ $b^{[k]}(t)$ $t\in(0, T]$
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4$k\in\{1, \cdots, l\},$ $\ell\in N$ FBP$(k)$ FBP(I)
FBP(2), $\cdot\cdot$ , FBP $(p)$
(5) $V((t-\delta)^{+}, X_{\delta}(x))$ $V(t-\delta, X_{\delta}(x))$
$t-\delta<0$
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